We introduce a notion of fractional (noninteger order) derivative on an arbitrary nonempty closed subset of the real numbers (on a time scale). Main properties of the new operator are proved and several illustrative examples given.
Introduction
The study of fractional (noninteger) order derivatives on discrete, continuous and, more generally, on an arbitrary nonempty closed set (i.e., a time scale) is a wellknown subject under strong current development. The subject is very rich and several different definitions and approaches are available, either in discrete [1] , continuous [11] , and time-scale settings [2] . In continuous time, i.e., for the time scale T = R, several definitions are based on the classical Euler Gamma function Γ . For the time scale T = Z, the Gamma function is nothing else than the factorial, while for the q-scale one has the q-Gamma function Γ q [9] . For the definition of Gamma function on an arbitrary time scale T see [6] . Similarly to [2, 3] , here we introduce a new notion of fractional derivative on an arbitrary time scale T that does not involve Gamma functions. Our approach is, however, different from the ones available in the literature [2, 3, 4, 5] . In particular, while in [2, 3, 4, 5] the fractional derivative at a point is always a real number, here, in contrast, the fractional derivative at a point is, in general, a complex number. For example, the derivative of order α ∈ (0, 1] of the square function t 2 is always given by t α + (σ (t)) α , where σ (t) is the forward jump operator of the time scale, which is in general a complex number (e.g., for α = 1/2 and t < 0) and a generalization of the Hilger derivative (t 2 ) ∆ = t + σ (t).
The text is organized as follows. In Section 2 we recall the notion of Hilger/delta derivative. Our complex-valued fractional derivative on time scales is introduced in Section 3, where its main properties are proved and several examples given.
Preliminaries
A time scale T is an arbitrary nonempty closed subset of the real numbers R. For t ∈ T, we define the forward jump operator σ : T → T by σ (t) = inf{s ∈ T : s > t} and the backward jump operator ρ : T → T is defined by ρ(t) := sup{s ∈ T : s < t}. Then, one defines the graininess function µ :
If σ (t) > t, then we say that t is right-scattered; if ρ(t) < t, then t is left-scattered. Moreover, if t < sup T and σ (t) = t, then t is called right-dense; if t > inf T and ρ(t) = t, then t is called left-dense. If T has a left-scattered maximum m, then we
Definition 1 (The Hilger derivative [8] ). Let f : T → R and t ∈ T. We define f ∆ (t) to be the number (provided it exists) with the property that given any ε > 0 there is a neighborhood U of t (i.e., U = (t − δ ,t + δ ) ∩ T for some δ > 0) such that
for all s ∈ U. We call f ∆ (t) the Hilger (or delta) derivative of f at t.
For more on the calculus on time scales we refer the reader to the books [7, 8] .
Complex-valued fractional derivatives on time scales
Let f : T → R with T a given time scale. We introduce here a new definition of fractional (noninteger) delta derivative of order α ∈ (0, 1] at a point t ∈ T κ .
Definition 2 (
The delta fractional derivative of order α). Assume f : T → R with T a time scale. Let t ∈ T κ and α ∈ (0, 1]. We define f ∆ α (t) to be the number (provided it exists) with the property that given any ε > 0 there is a neighborhood U of
for all s ∈ U. We call f ∆ α (t) the delta derivative of order α of f at t or the delta fractional (noninteger order) derivative of f at t. Moreover, we say that f is delta differentiable of order α on T κ provided f ∆ α (t) exists for all t ∈ T κ . Function f ∆ α : T κ → C is then called the delta derivative of order α of f on T κ .
Remark 1.
In (1) we use f α to denote the power α of f . It is clear that the new derivative coincides with the standard Hilger derivative in the integer order case α = 1. Differently from α = 1, in general f ∆ α (t) is a complex number.
Theorem 1.
Assume f : T → R with T a time scale. Let t ∈ T κ and α ∈ R. Then the following proprieties hold:
If f is continuous at t and t is right-scattered, then f is delta differentiable of order α at t with
f ∆ α (t) = f α (σ (t)) − f α (t) σ α (t) − t α .(2)
If t is right-dense, then f is delta differentiable of order α at t if only if the limit
exists as a finite number. In this case
3. If f is delta differentiable of order α at t, then
Proof. 1. Assume f is continuous at t and t is right scattered. By continuity,
Hence, given ε > 0, there is a neighborhood U of t such that
for all s ∈ U. Hence, we get the desired result (2).
2. Assume f is differentiable at t and t is right-dense. Let ε > 0 be given. Since f is differentiable at t, there is a neighborhood U of t such that
for all s ∈ U. Since σ (t) = t, we have that
we get the desired equality (3). Assume lim s→t
exists and is equal to X and σ (t) = t. Let ε > 0. Then there is a neighborhood U of t such that
On the other hand, if σ (t) > t, then by item 1
and the proof is complete.
exists, i.e., if and only if f is fractional differentiable at t. In this case we get the derivative f (α) of [10] .
.
Example 7. Consider the time scale T = hZ, h > 0. Let f be the function defined by
Remark 2. Examples 5, 6 and 7 show that in general f ∆ α (t) is a complex number (for instance, choose α = 1 2 and t < 0). Theorem 2. Assume f , g : T → R are continuous and delta differentiable of order α at t ∈ T κ . Then the following proprieties hold:
If g(t)g(σ
holds for g(t) = t m and let G(t) = t m+1 = t · g(t). We use the product rule of Theorem 2 to obtain
Hence, by mathematical induction, (4) holds.
Example 8. Choose m = 3 in Proposition 1. Then t 3 ∆ α = t 2α + (tσ (t)) α + σ 2α (t).
The notion of fractional derivative here introduced can be easily extended to any arbitrary real order α. 
